High-gradient operators in perturbed Wess-Zumino-Witten field theories
  in two dimensions by Ryu, Shinsei et al.
ar
X
iv
:1
00
2.
01
18
v1
  [
co
nd
-m
at.
me
s-h
all
]  
31
 Ja
n 2
01
0
High-gradient operators in perturbed Wess-Zumino-Witten field theories in two
dimensions
S. Ryu,1 C. Mudry,2 A. W. W. Ludwig,3 and A. Furusaki4
1 Department of Physics, University of California, Berkeley, CA 94720, USA
2 Condensed matter theory group, Paul Scherrer Institute, CH-5232 Villigen PSI, Switzerland
3 Department of Physics, University of California, Santa Barbara, CA 93106, USA
4 Condensed Matter Theory Laboratory, RIKEN, Wako, Saitama 351-0198, Japan
(Dated: November 1, 2018)
Many classes of non-linear sigma models (NLσMs) are known to contain composite operators with
an arbitrary number 2s of derivatives (“high-gradient operators”) which appear to become strongly
relevant within renormalization group (RG) calculations at one (or fixed higher) loop order, when
the number 2s of derivatives becomes large. This occurs at many conventional fixed points of NLσMs
which are perturbatively accessible within the usual ǫ-expansion in d = 2+ ǫ dimensions. Since such
operators are not prohibited from occurring in the action, they appear to threaten the very exis-
tence of such fixed points. At the same time, for NLσMs describing metal-insulator transitions of
Anderson localization in electronic conductors, the strong RG-relevance of these operators has been
previously related to statistical properties of the conductance of samples of large finite size (“con-
ductance fluctuations”). In this paper, we analyze this question, not for perturbative RG treatments
of NLσMs, but for two-dimensional Wess-Zumino-Witten (WZW) models at level k, perturbatively
in the current-current interaction of the Noether current (“non-Abelian Thirring/Gross-Neveu mod-
els”). WZW models are special (“Principal Chiral”) NLσMs on a Lie Group G with a WZW term at
level k. In these models the role of high-gradient operators is played by homogeneous polynomials
of order 2s in the Noether currents, whose scaling dimensions we analyze. For the Lie Supergroup
G = GL(2N |2N) and k = 1, this corresponds to time-reversal invariant problems of Anderson local-
ization in the so-called chiral symmetry classes, and the strength of the current-current interaction,
a measure of the strength of disorder, is known to be completely marginal (for any k). We find that
all high-gradient (polynomial) operators are, to one loop order, irrelevant or relevant depending on
the sign of that interaction.
I. INTRODUCTION
Fluctuations are known to play a key role in suf-
ficiently low-dimensional systems, whether classical or
quantum, as they can preempt spontaneous symmetry
breaking. When the symmetry is both global and contin-
uous, the tool of choice to address the role of fluctuations
in low-dimensional systems is the non-linear sigma model
(NLσM). However, the usefulness of NLσMs has come
to transcend situations in which a pattern of symmetry
breaking is immediately obvious. For example, NLσMs
have been used with success in the context of Ander-
son localization (see Ref. 1 for a review) to access the
transition from a metallic to an insulating phase induced
by weak disorder or to compute probability distributions
of spectral,2 wavefunction,3 and transport characteris-
tics in chaotic metallic grains and disordered electronic
systems.1
Quite generally, the construction of a generic NLσM on
a connected Riemannian manifold M of finite dimension
n, the “target manifold”, can proceed in the following
way.4 One assigns to any point from Euclidean space in
d dimensions, specified by coordinates xµ (µ = 1, · · · , d),
a point in the manifold M with the coordinates φi(x)
(i = 1, · · · , n). The simplest action S, which is made
of two derivatives of the coordinates φi, and is invari-
ant under both the rotations of Euclidean space and
reparametrization of the target manifold, is
S =
1
4πt
∫
ddx
ad−2
Gij
[
φ(x)
]
∂µφ
i(x)∂µφ
j(x) (1.1)
where Gij [φ] is a component of the metric tensor on M,
t is the coupling constant, and a is the short-distance
cutoff.
The target manifold can be either compact or non-
compact. An example of a NLσM on a compact target
manifold is the O(N)/O(N − 1) NLσM with 2 < N =
3, 4, 5, · · · when the target manifold is the unit sphere
SN−1 in N -dimensional Euclidean space. When N = 3
it describes spontaneous symmetry breaking in a classi-
cal ferromagnet. Non-compact target manifolds are of
relevance to the problem of Anderson localization in the
bosonic “replica limit” N → 0 or when the manifold is
generalized to a supermanifold.1 In Anderson localization
the coupling constant t has the meaning of the inverse of
the mean dimensionless conductance.5
The implicit assumption made in the construction (1.1)
is that all the invariant scalars that contain 2s (1 < s =
2, 3, · · · ) derivatives of the field can be ignored. The stan-
dard justification for this assumption is that their “en-
gineering dimension” 2s is much larger than the spatial
dimension d = 2+ ǫ, i.e., they are irrelevant in the renor-
malization group (RG) sense, and this is expected to re-
main so after renormalization in d = 2+ ǫ dimensions for
small ǫ, and thus small t.
2This assumption was called into question in Refs. 6–
16, for which the main results can be illustrated most
simply by the example of the O(N)/O(N − 1) NLσM.
We recall that the O(N)/O(N − 1) NLσM has an infra-
red unstable fixed point located, to one loop order, at
t∗ = ǫ/(N − 2), from which emerges a renormalization
group (RG) flow to strong and weak coupling. In Ref. 8,
a family of perturbations of the O(N)/O(N − 1) NLσM
action (1.1), which we shall call high-gradient operators,
was considered. A high-gradient operator of order s is
a homogeneous polynomial of order 2s in the derivatives
of the fields (all located at the same point) which is a
scalar with respect to both the symmetry group of the
NLσM [i.e., O(N)] and the rotation group of Euclidean
space. The minimum (i.e., dominant, or “leading”) value
of the one-loop scaling dimensions17 of the high-gradient
operators of order s at the fixed point t∗ is found8 to be
x(s) = 2s− s(s− 1)t∗ +O(ǫ2). (1.2)
Although strongly irrelevant by power counting (i.e., in
the absence of fluctuation corrections, t∗ → 0), high-
gradient operators of order s thus acquire a one-loop
scaling dimension smaller than two when the order 2s of
derivatives is large enough so that st∗ ≈ sǫ/(N − 2) ∼ 2,
and thus would appear to become relevant, based on the
one-loop result. In d = 2 dimensions, the lowest one-
loop scaling dimension18 for all high-gradient operators
of order s is
x(s) = 2s− s(s− 1)t+O(t2) (1.3)
along the trajectory to strong coupling away from the
infra-red unstable fixed point t = 0. Two-loop counter-
parts to Eqs. (1.2) and (1.3) yield the same conclusion:15
high-gradient operators of sufficiently high-order s ap-
pear to be relevant for any given dimension d = 2 + ǫ at
the non-trivial fixed point.
Similar results hold for the NLσMs defined on the
compact target manifolds (M and N are positive inte-
gers) Sp(M+N)/Sp(M)×Sp(N),6,7 U(M+N)/U(M)×
U(N),9,10 O(M+N)/O(M)×O(N),11 and on families of
compact Ka¨hler (and super) manifolds.16 Generalizations
to the non-compact target manifolds Sp(M,N)/Sp(M)×
Sp(N), U(M,N)/U(M)×U(N), and O(M,N)/O(M)×
O(N) follow from the rule that the coupling t of the
compact NLσM entering in one-loop anomalous dimen-
sions must be replaced by −t in the corresponding non-
compact NLσM. In Anderson localization, compact tar-
get manifolds arise when using fermionic replicas for dis-
order averaging, whereas non-compact target manifolds
arise when using the bosonic replicas for disorder aver-
aging. If one uses supersymmetric disorder averaging,
the resulting NLσM has both compact and non-compact
sectors.1 The high-gradient operators in the NLσM de-
fined on AdS5 × S
5 (AdS5 is non-compact whereas S
5 is
compact) have also been discussed in the context of the
AdS/CFT correspondence. (See, for example, Refs. 19–
21.)
The substitution t → −t does not affect the value of
the minimal (i.e., dominant, or “leading”) one-loop scal-
ing dimensions, when the spectrum of anomalous one-
loop dimensions17 of all high gradient operators of order
s is distributed symmetrically about zero. This turns
out to be the case whenever m,n > 1 in the above exam-
ples. On the other hand, there are some target manifolds,
the simplest examples being SN−1 = O(N)/O(N − 1)
and CPN−1 = U(N)/U(N − 1) × U(1), for which the
full spectrum of one-loop anomalous dimensions of order
s turns out to be not symmetric about zero, in which
case the substitution t → −t matters. For example,
high-gradient operators are made more irrelevant by one-
loop renormalization effects in the non-compact NLσM
on U(N − 1, 1)/U(N − 1)×U(1). (We refer the reader to
Appendix A for a more detailed discussion of “one-sided”
versus “two-sided” spectra of one-loop anomalous scaling
dimensions for high-gradient operators in NLσMs.)
Of course, one can only conclude that high-gradient
operators become relevant for sufficiently large values of
s, if the strong relevance seen in the one-loop expressions
for their scaling dimensions persists when all higher loop
contributions (not computed here or in other works on
this subject) have been taking into account. For example,
the one-loop expressions may not be characteristic in the
large-s limit, if the actual expansion parameter is not ǫ
but sǫ.22,23 As any insight for resolving the nature of the
ǫ expansion for high-gradient operators in NLσMs must
come from outside the ǫ expansion itself, progress has
stalled since the early 1990’s.
The aim of this paper is to study the operators that
play the role of the high-gradient operators in field the-
ories which are two-dimensional Wess-Zumino-Witten
(WZW) theories24−28 on a Lie group G, perturbed by an
interaction quadratic in the Noether currents (“current-
current interaction”). Such theories are often also re-
ferred to as “two-dimensional non-Abelian Thirring (or
Gross-Neveu) models”. Any WZW theory, which is a
Principal-Chiral-Non-Linear-sigma model supplemented
by a WZW term at level k, gives a prescription to
construct high-gradient operators in terms of powers of
Noether currents. Because it is possible to represent
the Noether currents in WZW theories in terms of free
fermions,26 one might be inclined to think that such op-
erators are perhaps not capable of displaying a “patho-
logical” spectrum of scaling dimension as in Eq. (1.2).
However, as we demonstrate in this paper, the situation
is more interesting. Indeed, we will see that under con-
ditions specified below, the one-loop spectra of the form
(1.3) and (1.2) can be realized by perturbing a WZW
critical point by a current-current perturbation.
We also want to investigate if there is a difference be-
tween the properties of high-gradient operators in unitary
and non-unitary non-Abelian Thirring models. This is
important because NLσMs describing the physics of An-
derson localization are non-unitary field theories. More-
over, high-gradient operators in these theories have been
previously related to the statistical fluctuations of the
3conductance of a disordered metal.29−32 In this con-
text, an appealing physical interpretation of the spectra
(1.3) and (1.2) has been proposed, attributing them to
a broad tail in the probability distribution of the con-
ductance.29−32 However, given that this interpretation
depends crucially on the ability to invert the s→∞ and
ǫ → 0 limits in spectra which are analogous to those in
Eqs. (1.3) and (1.2), it would be useful to have an ex-
ample of a critical field theory describing a problem of
Anderson localization for which one can study the RG-
relevance of high-gradient operators without resorting to
the ǫ-expansion, and for which one can reasonably expect
a broad distribution of the conductance.
We now provide an outline of the article and a sum-
mary of our results.
It is shown in Sec. II that high-gradient operators in
the (unitary) ŝu(2)k Thirring model with strength g of
the “current-current interaction”, are made more irrele-
vant by the presence of these interactions when the latter
are (marginally) irrelevant (g < 0, in our conventions).
On the other hand, along the renormalization group (RG)
flow driven by a (marginally) relevant current-current in-
teraction (g > 0, in our conventions), a one-loop spec-
trum of the form (1.3) is recovered in the “classical” limit
1/k → 0. The inverse level 1/k plays here the role of a
“quantum” parameter. Indeed, for any finite k, we find
that the quadratic growth in s in the unbounded one-
loop spectrum (1.3) does not persist for values of s larger
than k. In effect, 1/k determines the efficiency in “tam-
ing” the strong RG-relevance of high-gradient operators
seen at one-loop order, which is related to the fact that
there exists a representation of the current algebra of the
level-k WZW theory in terms of free fermions.
Section III is devoted to high-gradient operators in
what we will call the ĝl(M |M)k Thirring (or Gross-
Neveu) model which was discussed in Ref. 33. This
is the ĝl(M |M)k WZW theory on the Lie Supergroup
GL(M |M), perturbed by two current-current perturba-
tions, one which we call gM, which is exactly marginal,
and another which we call gA, which flows logarithmi-
cally under the RG at a rate dependent on gM. In spite
of the presence of an RG flow of the coupling gA there
exists a sector of the theory, the so-called PSL(M |M)
sector, which is scale (conformally) invariant through-
out.33 The high-gradient operators turn out to reside in
this conformally invariant sector, and are unaffected by
the presence of the coupling gA. We will show that, for
k = 1, the spectrum of one-loop anomalous dimensions
of high-gradient operators is fundamentally different for
positive and negative values of the coupling constant gM.
In particular, when gM > 0 all high-gradient operators
are made more irrelevant by the current-current per-
turbations, whereas they are made more relevant when
gM < 0. We close Sec. III by comparing the anoma-
lous scaling dimensions of high-gradient operators in the
ĝl(M |M)k Thirring (or Gross-Neveu) models and those
in the GL(2N |2N)/OSp(2N |2N) NLσMs, observing that
they behave in the same way.
The result that the spectrum of one-loop anomalous
dimensions of high-gradient operators is strongly depen-
dent on the sign of gM has important implications in the
context of Anderson localization because, as discussed in
Ref. 33, the ĝl(M |M)k Thirring (or Gross-Neveu) model
at k = 1 describes a disordered electronic system, where
gA > 0 and gM > 0 correspond to the strengths of dis-
order potentials. The theory with gM > 0 thus offers
an example of a critical theory for Anderson localization
with no relevant high-gradient operator. – For example,
this field theory describes33 a tight-binding model of elec-
trons on the honeycomb lattice with (real-valued) ran-
dom hopping matrix elements which are non-vanishing
only between the two sublattices of the bipartite hon-
eycomb lattice (see also Ref. 34). Versions of the hon-
eycomb tight-binding model provide the basic electronic
structure of graphene. In the classification scheme of
Zirnbauer, and Altland and Zirnbauer,35−38 this model
belongs to the “chiral-orthogonal” symmetry class (class
BDI). (Another example of a problem of Anderson lo-
calization in the same symmetry class is provided by a
random tight-binding model on a square lattice with π-
flux through every plaquette.39)
By contrast, when gM < 0, the spectrum of one-loop
scaling dimensions is unbounded from below for any k
as is the case in Eq. (1.2). The full spectrum of one-
loop anomalous scaling dimensions of high gradient oper-
ators as it appears, e.g., in the Grassmanian NLσMs with
target manifolds Sp(M + N)/Sp(M) × Sp(N), U(M +
N)/U(M) × U(N), O(M +N)/O(M)× O(N), which is
symmetric about zero, is only recovered in the extreme
“classical” limit M,k → ∞. In the context of Anderson
localization, the case with gM < 0 describes the surface
state of a three-dimensional topological insulator in the
chiral-symplectic class (symmetry class CII) of Anderson
localization.40–42
After concluding in Sec. IV, we review in Appendix B
the realization of the ĝl(2N |2N)k=1 Thirring (or Gross-
Neveu) model as a problem of Anderson localization in
two dimensions in symmetry class BDI, which was estab-
lished in Ref. 33.
II. HIGH-GRADIENT OPERATORS AND ŝu(2)k
WZW THEORIES
The O(3)/O(2) NLσM with coupling constant t is the
simplest example of a NLσM containing infinitely many
high-gradient operators all of which would appear to be-
come relevant based on one-loop results. This happens at
the infra-red unstable fixed point t∗ = ǫ in d = 2+ ǫ > 2
dimensions within the one-loop approximation as long
as the order s of these high-gradient operators is large
enough. A precursor to this perturbative property also
occurs in d = 2 dimensions close to the infra-red unstable
fixed point t = 0 as the NLσM flows to strong coupling.
Along this flow, the spectrum of one-loop dimensions18
for the high-gradient operators is unbounded from below.
4In two dimensions, the O(3)/O(2) NLσM, supple-
mented by a topological theta-term at θ = π, flows
to a critical field theory, the SU(2) WZW theory with
ŝu(2)k=1 current algebra, ŝu(2)k=1 WZW theory.
43−45
The strongly relevant high-gradient operators near the
infra-red unstable fixed point t = 0 must become irrel-
evant at the WZW critical point, because the full op-
erator content of the ŝu(2)k=1 WZW theory is known
to contain only a finite number of relevant fields (with
scaling dimensions bounded from below and above by
zero and two, respectively). The purpose of this section
is to perturb the ŝu(2)k WZW theory with a current-
current perturbation and to examine the fate of those
operators in the ŝu(2)k WZW theory which correspond
to the high-gradient operators in the O(3)/O(2) NLσM.
We will refer to these operators still as “high-gradient
operators”. We are going to argue that the spectrum
of one-loop scaling dimensions associated with all high-
gradient operators is bounded from below by the low-
est one-loop scaling dimension corresponding to high-
gradient operators of order k. This result is very dif-
ferent from the unbounded spectrum (1.3) of one-loop
scaling dimensions associated with high-gradient opera-
tors in the two-dimensional O(3)/O(2) NLσM.
In the following sections, we first review the ŝu(2)k
WZW theory perturbed by a current-current interaction.
Second, we identify high-gradient operators of order s.
Finally, we compute the leading one-loop dimensions of
high-gradient operators of order s up to one loop.
A. Definitions
The most fundamental property of the ŝu(2)k WZW
theory is the existence of a pair of holomorphic and anti-
holomorphic SU(2) Noether currents, J1 , J2 , J3 , and J¯1 ,
J¯2 , J¯3 , respectively, which satisfy the affine (Kac-Moody)
current algebra
Jα(z)Jβ(0) =
kCαβ
z2
+
i
z
fαβ
γJγ(0) + · · · ,
J¯α(z¯)J¯β(0) =
kCαβ
z¯2
+
i
z¯
fαβ
γ J¯γ(0) + · · · ,
Jα(z)J¯β(0) = 0,
(2.1a)
at level k = 1, 2, 3, · · · , where the invariant (Casimir)
tensor of rank 2 in su(2) has the contravariant and co-
variant representations (in our conventions)
Cαβ =
1
2
δαβ , C
αβ = 2δαβ, (2.1b)
respectively, while the structure constant of su(2) is the
fully antisymmetric Levi-Civita tensor of rank 3,
fαβ
γ = ǫαβγ , α, β, γ = 1, 2, 3. (2.1c)
The dots in Eq. (2.1a) are terms of order zero and higher
in powers of z (z¯) with z = x+ iy (z¯ = x− iy) the holo-
morphic (antiholomorphic) coordinates of the Euclidean
plane. We shall also refer to the (anti) holomorphic sec-
tor of the theory as the (right-) left-moving sector.
The ŝu(2)k current algebra (2.1) has a representation
in terms of free-fermions. More precisely, it is obtained
from the action46
S∗ :=
k∑
ι=1
∫
dz¯dz
2πi
(
ψc†ι ∂¯ ψcι + ψ¯
c†
ι ∂ ψ¯cι
)
(2.2a)
constructed from k-independent flavors of left (ψ)
and right (ψ¯) moving Dirac fermions, whereby each
one transforms in the fundamental representation of
SU(2)×SU(k), with the partition function
Z∗ :=
∫
D[ψ†, ψ, ψ¯†, ψ¯] exp (−S∗) . (2.2b)
One has the operator product expansions (OPE)
ψcι(z)ψ
d†
ι′(0) = ψ
d†
ι′(z)ψcι(0) ∼
διι′δcd
z
,
ψ¯cι(z)ψ¯
d†
ι′(0) = ψ¯
d†
ι′(z)ψ¯cι(0) ∼
διι′δcd
z¯
,
ψcι(z)ψ¯
d†
ι′ (0) ∼ 0,
(2.3)
for ι, ι′ = 1, · · · , k and c, d = 1, 2. In turn, the OPE (2.3)
imply that the left and right Noether currents
Jα :=
k∑
ι=1
ψc†ι
(σα)c
d
2
ψdι, J¯α :=
k∑
ι=1
ψ¯c†ι
(σα)c
d
2
ψ¯dι,
(2.4)
with α = 1, 2, 3 obey the SU(2)k current algebra (2.1).
The field theory defined by Eq. (2.2) is a free-fermion
field theory. The content of local operators is thus known.
It contains a finite number of fields whose scaling dimen-
sions are bounded between 0 and 2 and are thus relevant,
as it should be for a field theory defined on a Hilbert space
with a positive definite inner product and with a spec-
trum bounded from below which is built on the Dirac-
Fermi sea, in short a unitary field theory. Clearly, within
the set of powers of the Noether currents (2.4) there is
thus no room for an infinite family of relevant operators.
We perturb the free-fermion field theory by a current-
current interaction OI of the SU(2)k currents (2.4).
Z :=
∫
D[ψ†, ψ, ψ¯†, ψ¯] exp (−S) ,
S := S∗ + g
∫
dz¯dz
2πi
OI(z¯, z),
OI(z¯, z) := C
αβJα(z)J¯β(z¯) ≡ 2Jα(z)J¯α(z¯).
(2.5)
We take the coupling constant g to be real. The (uni-
tary) field theory (2.5) is often referred to as a non-
Abelian Thirring (Gross-Neveu) model. Suitable non-
unitary generalizations of the field theory (2.5) compute
(disorder average) moments of Green’s functions in a
5class of problems of Anderson localization in d = 2 di-
mensions that we will investigate later on in this paper.
The one-loop beta function,
βg =
dg
dl
= 4g2, (2.6)
encodes the change in the coupling constant caused by
the infinitesimal rescaling a → (1 + dl)a of the short-
distance cutoff a. Thus, the current-current interaction
is (marginally) irrelevant (relevant) for g < 0 (g > 0)
with the free-fermion fixed point at g = 0.
The SU(2)k Noether currents (2.4) are those appear-
ing at the non-trivial fixed point of the Principal Chiral
NLσM on the SU(2) group manifold with a Wess-Zumino
term.25−27 This has, the well-known (Euclidean) action
S =
k
16π
∫
d2x tr
(
∂µG
−1∂µG
)
+ kΓ[G], (2.7a)
where G ∈ SU(2) is a group element, and the integral
Γ[G] over a three-dimensional ball B with coordinates rµ
and whose boundary ∂B is d = 2-dimensional Euclidean
space,
Γ[g] :=
1
24π
∫
B
d3r ǫµνλtr
(
G−1∂µGG
−1∂νGG
−1∂λG
)
(2.7b)
is the Wess-Zumino term.24
The Noether currents which generate the
SU(2) left× SU(2) right symmetry at the critical point
of the WZW theory can be fully represented by the
fermionic expressions in Eq. (2.4). In the bosonic (i.e.,
NLσM) representation, these currents are built out of
first-order derivatives of the bosonic fields,
Jα ∝ k tr
[
(∂G)G−1σα
]
, J¯α ∝ k tr
[
G−1(∂¯G)σα
]
.
(2.8)
The relationship (2.8) suggests that composite opera-
tors built out of monomials in the currents (2.4) in the
WZW theory are the counterparts of the high-gradient
operators in NLσM. For this reason, we shall still call the
former family of composite operators high-gradient oper-
ators. The “classical” counterparts of the high-gradient
operators of order s in the NLσM are thus the homoge-
neous polynomials
Tα1···αsα¯1···α¯sJα
1
· · · Jαs J¯α¯1 · · · J¯α¯s (2.9)
of the left and right currents that are invariant under the
diagonal SU(2) symmetry group of the interacting the-
ory.47 The generating set of classical high-gradient oper-
ators of order s is specified once all the linearly indepen-
dent rank 2s tensors Tαβ···γδ··· in the adjoint representa-
tion of SU(2) that are invariant under SU(2) transforma-
tions can be fully enumerated. In turn, the most general
SU(2) invariant tensor of even rank in the adjoint rep-
resentation is the product of the Casimir tensor of rank
2.48
The high-gradient operators in Eq. (2.9) are classical in
the sense that quantum fluctuations encoded through the
Pauli principle (or, equivalently, through the underlying
Dirac-Fermi sea) in the free-fermion representation (2.4)
of the current algebra, have not yet been accounted for.
To account for these quantum fluctuations, one needs to
introduce a point-splitting procedure that allows for the
proper normal ordering, i.e., the correct subtraction of
all short-distance singularities49
: Tα1···α¯sJα
1
· · · J¯α¯s : (z, z¯) ≡
lim
zi→z
[
Tα1···α¯sJα
1
(z1) · · · J¯α¯s(z¯s)
− (all short-distance singularities)
]
.
(2.10)
Two objects of the form (2.9) that are linearly inde-
pendent classically might not survive as a pair of dis-
tinct quantum operators of the form (2.10) after nor-
mal ordering has been implemented. More precisely, one
might anticipate that the underlying free-fermion repre-
sentation of the current algebra must manifest itself as
soon as the order s becomes larger than the number k of
fermionic flavors by changing the book-keeping relating
classical expressions labeled by SU(2) tensors of rank 2s
and quantum operators.
Indeed, we are going to show that this is the mecha-
nism that prevents high-gradient operators of order s > k
from acquiring one-loop scaling dimensions smaller than
the smallest one-loop scaling dimensions associated with
the set of all high-gradient operators of order s ≤ k.
In other words, the smallest one-loop dimension associ-
ated with the set of all high-gradient operators is reached
within the set of all high-gradient operators of order
s ≤ k when g > 0. It is thus bounded from below when
g > 0.
Had we ignored the underlying free-fermion represen-
tation of the current algebra altogether, we would have
wrongly predicted that, when g > 0, the one-loop di-
mensions associated with the classical objects (2.9) are
of a form similar to the ones in Eq. (1.2) i.e., that the
set of one-loop dimensions of high-gradient operators is
unbounded from below. On the other hand, this classical
prediction is recovered in the limit k →∞ with s/k→ 0.
For this reason we shall separate the computation of the
most relevant one-loop dimension associated with high-
gradient operators of order s into the case when s ≤ k
and the case when k < s.
In this context, we would like to remind the reader that
the ŝu(2)k WZW theories are known to describe quantum
critical points in the parameter space of quantum spin-S
antiferromagnetic chains when k = 2S. Here, we observe
that both, the number of relevant perturbations and the
number of independent local composite operators built
out of the generators of SU(2) which are SU(2) singlets,
grows with S. [For S = 1/2 the algebra obeyed by the
Pauli matrices only allows one invariant SU(2) tensor of
rank 2, the 2 × 2 unit matrix.] On the other hand, the
6strength of quantum fluctuations in ŝu(2)k WZW theo-
ries decreases with increasing k = 2S for the same rea-
son as the role of quantum fluctuations decreases with
increasing S in quantum spin chains.
B. Anomalous dimensions of high-gradient
operators
As the most general SU(2) invariant tensor of even
rank in the adjoint representation is the product of the
Casimir tensor of rank 2,48 we define the three diagonal
SU(2) invariants out of the three current bilinears
H := CαβJαJ¯β, A := C
αβJαJβ , B := C
αβ J¯αJ¯β ,
(2.11a)
together with the SU(2) invariant
C := AB. (2.11b)
The space of the high-gradient operators is then spanned
by the family{
Hs, Hs−2C, · · · , H2C [s/2]−1, C [s/2]
}
(2.12)
made of [s/2]+1 “classical” operators.50 We call these op-
erators “classical” because we have not yet taken into ac-
count the short distance singularities associated with the
definition of composite operators (i.e., the “Pauli princi-
ple” discussed above). As announced below Eq. (2.10),
these singularities need to be subtracted from the “clas-
sical” expressions (2.12) upon normal ordering. We shall
nevertheless ignore the issue of normal ordering at first
and compute the one-loop RG equation for these “un-
regularized” (or un-normal-ordered) operators, a step of
no consequence in the (“classical”) limit s/k → 0. We
shall then contrast this un-regularized calculation with
the full quantum calculation for the special case of k = 1,
i.e., when the proper normal ordering procedure has been
accounted for.
We shall see that the calculation without normal or-
dering gives an infinite tower of high-gradient operators
that are all relevant to one-loop order for sufficiently large
s and for g > 0. The one-loop spectrum of anomalous
dimensions is identical to the one in the O(N)/O(N − 1)
NLσM when N = 3. Indeed, once the normal ordering
procedure is ignored, the high-gradient operators (2.12)
are analogous to those discussed in Ref. 15, and the calcu-
lations of the anomalous dimensions in the sˆu(2)k WZW
model and in the O(N)/O(N − 1) NLσM run along par-
allel tracks.
The effect of normal ordering is weaker the smaller s/k
is, i.e., the closer proximity to the semi-classical limit of
the WZW theory. To see this, consider the case when
k > s. The “classical” expression Tα1···α¯sJα
1
· · · J¯α¯s(z, z¯)
for the composite operator made of a local product of
holomorphic and antiholomorphic currents is modified
upon normal ordering. To leading order in a short-
distance expansion, this classical expression is replaced
by
k∑
ι
1
6=···6=ιs 6=ι¯1 6=···6=ι¯s=1
Tα1···αsα¯1···α¯s :Jα
1
ι
1
· · · Jαsιs : (z)
× : J¯α¯
1
ι¯
1
· · · J¯α¯s ι¯s : (z¯) + · · · . (2.13)
Here, the terms included in the · · · arise from the OPE
for the product Jαi ιi (z)Jαj ιj (0) when any two flavor in-
dices ιi and ιj are identical. Evidently, normal ordering
(or the Pauli principle) has a much more potent effect
when k < s, for the condition ι1 6= · · · 6= ιs 6= ι¯1 6= · · · 6=
ι¯s can then never be met so that the leading order term
above is absent. The operator contents with and without
normal ordering thus look very different. When k < s,
some operators in the set (2.12) completely disappear to
leading order because of Fermi statistics. This will be
demonstrated explicitly for the case of k = 1 [see Eqs.
(2.28) and (2.29) below], for which we will show, after
correctly taking into account normal ordering, that all
high-gradient operators which would be relevant classi-
cally (when g > 0) disappear from the operator content.
1. RG equation for un-regularized high-gradient operators
To compute the leading one-loop scaling dimensions
for the high-gradient operators (2.12), we start from the
field theory (2.5) in which we substitute the action by
S :=S∗ + g
∫
dz¯dz
2πi
OI
−
2m+n=s∑
m,n=0
Z(s)m,na
2s−2
∫
dz¯dz
2πi
CmHn.
(2.14)
To determine the one-loop dimensions of the couplings
{Z
(s)
m,n|2m+n = s}, we do not need the full one-loop RG
flows, i.e., the RG equations for the coupling constants
up to and including order Z
(s)
m,nZ
(s)
p,q , but only the linear
in Z
(s)
m,n contributions to the one-loop RG flows. Thus, all
we need are the OPE of CmHn(z, z¯) with OI(0), where
the integers m and n satisfy 1 < 2m+ n = s ≤ k. Fur-
thermore, we shall introduce the short-hand notation
A× B = C ⇐⇒ A(z, z¯)B(0) =
1
zz¯
C(z, z¯) + · · · (2.15)
for the OPE relating the operators A, B, and C. Here,
the dots are meant to contain not only regular terms of
zeroth and higher order in z or z¯ but also second and
higher order poles in z or z¯.
As an intermediary step, one verifies that the OPE
(2.15) between the building blocks H and C with OI
(observe that OI = H) are
H×OI = −4H, C×OI = 0. (2.16)
7Here, we introduced yet another short-hand notation
A · · · B or A · · · B, by which we mean that one current
in A and one current in B are contracted with the rule
Jαι(z)Jβι′(0) = διι′
(
Cαβ
z2
+
i
z
fαβ
γJγι(0)+· · ·
)
,
J¯αι(z¯)J¯βι′(0) = διι′
(
Cαβ
z¯2
+
i
z¯
fαβ
γ J¯γι(0)+· · ·
)
,
Jαι(z)J¯βι′(0) = 0,
(2.17)
for any α, β = 1, 2, 3 and ι, ι′ = 1, · · · , k at the free-
fermion fixed point g = 0, where
Jαι := ψ
a†
ι
(σα)a
b
2
ψbι, J¯αι := ψ¯
a†
ι
(σα)a
b
2
ψ¯bι. (2.18)
When A and B consist of more than one Jα or J¯α, and
when there are many possible Wick contractions between
A and B, the short-hand notations A · · · B, A · · · B and
A · · · B mean the resulting operator obtained by taking all
possible such Wick contractions. One also verifies that
the OPE (2.15) between the building blocks HH , CH ,
and CC with OI are
HH×OI = −4H
2 + 4C,
CH×OI = CC×OI = 0.
(2.19)
We then infer that, for any pair (m,n) of positive integer
that satisfies 1 < 2m+ n = s ≤ k,
CmHn×OI = C×OI ×mC
m−1Hn
+ H×OI × nC
mHn−1
+ CH×OI ×mnC
m−1Hn−1
+ CC×OI ×
m(m− 1)
2
Cm−2Hn
+ HH×OI ×
n(n− 1)
2
CmHn−2
=− 2n (n+ 1)CmHn
+ 2n(n− 1)Cm+1Hn−2.
(2.20)
The contributions to the RG equations obeyed by the
couplings Z
(s)
m,n where 1 < 2m + n = s ≤ k needed to
extract the spectrum of one-loop dimensions are
dZ
(s)
m,n
dl
=
(
2− 2s
)
Z(s)m,n + 4gn(n+ 1)Z
(s)
m,n
− 4g(n+ 2)(n+ 1)Z
(s)
m−1,n+2 + · · · .
(2.21)
Here, the dots include non-linear contributions of second
order in g or Z
(s)
m,n.
The linearized RG flows (2.21) are closed. This is a
justification a posteriori for neglecting the RG effects of
current monomials with repeating flavor indices. The
linearized RG flows (2.21) have a lower triangular struc-
ture, i.e., there is no feedback effect on the flow of a
high-gradient operator of order s from lower-order high-
gradient operators. Thus, we conclude that the leading
[s/2]+ 1 one-loop scaling dimensions associated with the
family of high-gradient operators (2.12) when k ≥ s =
2m+ n are given by
x(s)m,n = 2(2m+ n)− 4gn(n+ 1). (2.22)
Observe that the spectrum of anomalous dimensions17
γ(s)m,n := −4gn(n+ 1), 2m+ n = s (2.23)
is one sided with respect to 0. When g ≤ 0 these anoma-
lous dimensions are positive, i.e., the scaling dimensions
are larger than their engineering value. The opposite
happens when g ≥ 0, i.e., when the current-current per-
turbation is (marginally) relevant. When g > 0 and for
a given 1 < s ≤ k, the smallest one-loop anomalous di-
mension occurs for the pair (m,n) = (0, s),
γ
(s)
min := min2m+n=s
γ(s)m,n = −4gs(s+ 1). (2.24)
For g > 0, the quadratic dependence on s can overcome
the linear dependence on s in the one-loop dimension
x
(s)
min := 2s+ γ
(s)
min. If the order s (1 < s ≤ k) is allowed
to be sufficiently large, the one-loop dimension x
(s)
min de-
creases past the value 2 and eventually becomes negative.
The quadratic dependence on s is reminiscent of that
for the one-loop dimensions (1.2) in the O(N)/O(N − 1)
NLσM. However, in contrast to the (2 + ǫ)-dimensional
O(N)/O(N−1) NLσM at its non-trivial fixed point t∗, a
value smaller than 2 for the one-loop dimensions x
(s)
min
is not a threat to the internal stability of the WZW
fixed point g = 0 since it occurs along a flow to strong
coupling. Moreover, it is known that in d = 2 dimen-
sions the O(3)/O(2) NLσM with theta term at θ = π
flows in the infrared into the level k = 1 SU(2) WZW
fixed point. While the spectrum of one-loop dimensions
of high-gradient operators at the WZW fixed point is
bounded from below (as we will recall below), the spec-
trum of these operators is unbounded from below in
the weakly coupled 2-dimensional O(3)/O(2) NLσM (the
presence of the theta term does not affect this result).
2. Normal ordering revisited
We shall illustrate the effects of the Fermi statistics for
the family of high-gradient operators (2.12) when s = 2
for the case of a (marginally) relevant (g > 0) current-
current interaction. We shall then show for the special
case of k = 1 and s = 2 that the two one-loop dimen-
sions associated with the family of high-gradient opera-
tors (2.12) are unchanged, to one loop order, i.e.,
x
(s)
0,2 = x
(s)
1,0 = 4. (2.25)
8We start from the family of high-gradient opera-
tors (2.12) with s = 2. For clarity of presentation, we
rename the two members of this family,
O1 ≡ C
αβJαJβC
γδJ¯γ J¯δ , O2 ≡ C
αβJαJ¯βC
γδJγ J¯δ .
(2.26)
As implied by Eq. (2.10) these are two classical expres-
sions. The two quantum expressions involve point split-
ting and normal ordering as in Eq. (2.10).
Without loss of generality, we consider only the left
current sector. Normal ordering of
Jα(z)Jβ(0) =
kCαβ
z2
+
i
z
ǫαβγJγ(0) +
i
2
ǫαβγ∂Jγ(0)
+
δαβ
4
k∑
ι=1
:
(
ψa†ι ∂ψaι − ∂ψ
a†
ι ψaι
)
: (0)
+
k∑
ι,ι′=1
: ψa†ι
(σα)a
b
2
ψbιψ
c†
ι′
(σβ)c
d
2
ψdι′ : (0)
+ · · ·
(2.27)
amounts to the subtraction from Eq. (2.27) of the terms
singular in the limit z → 0,
: JαJβ : (0) =
k∑
ι 6=ι′=1
JαιJβι′(0) +
i
2
ǫαβγ∂Jγ(0)
+
δαβ
4
k∑
ι=1
:
(
∂ψa†ι ψaι − ψ
a†
ι ∂ψaι − ψ
a†
ι ψaιψ
b†
ιψbι
)
: (0)
(2.28)
for α, β = 1, 2, 3. The proper quantum interpretation of
the classical currents (2.26) is then
: O1 : (z, z¯) = 4
3∑
α,β=1
: JαJα : (z) : J¯β J¯β : (z¯),
: O2 : (z, z¯) = 4
3∑
α,β=1
: JαJβ : (z) : J¯αJ¯β : (z¯).
(2.29)
3. High-gradient operators when k = 1
When k = 1, the summation over unequal flavors dis-
appears in Eq. (2.28). (Observe in passing that : O1 :
is then proportional to one component of the energy-
momentum stress tensor.) One then verifies the OPE
:O1 : ×OI = 3 :O1 : − 9 :O2 : ,
:O2 : ×OI = :O1 : − 3 :O2 : .
(2.30)
If we diagonalize the linearized one-loop RG flows for
the coupling Z
(2)
1,0 associated with :O1 : and the coupling
Z
(2)
0,2 associated with : O2 :, we find that their one-loop
dimensions remain equal to their engineering dimensions,
x
(2)
1,0 = x
(2)
0,2 = 4. (2.31)
The lesson that we draw from the example s = 2
and k = 1 is that it is necessary to use normal order-
ing to properly define composite operators. Had we not
used normal ordering, we would have incorrectly pre-
dicted that there are infinitely many high-gradient oper-
ators which become relevant, at one-loop order, for large
enough s and for g > 0. We believe that for a generic
value of k, there is no infinity of one-loop relevant high-
gradient operators. Only a finite number of high-gradient
operators become relevant, at one-loop order, for large
enough s and for g > 0 when k > 1.
In the next section, we turn attention to a non-unitary
WZW model of relevance to the problem of Anderson
localization to investigate whether the loss of unitarity
opens the door to an infinity of relevant high-gradient
operators.
III. HIGH-GRADIENT OPERATORS AND
ĝl(M |M)k WZW THEORIES
An interesting example of a problem of Anderson
localization in two dimensions which possesses a spe-
cial so-called sublattice (or chiral) symmetry (SLS) and
TRS (thus belonging to the “chiral-orthogonal” symme-
try class BDI in the classification scheme of Zirnbauer,
and Altland and Zirnbauer36−38) is as follows. Consider
a tight-binding model of fermions on a honeycomb lat-
tice with random real-valued hopping matrix elements
of non-vanishing mean, which do not connect the same
sublattice (so that SLS is preserved). [A related real-
ization of the same problem of Anderson localization is
provided by a random tight-binding model on a square
lattice with flux-π through every plaquette, introduced
in Ref. 39.] In the absence of disorder this band struc-
ture is known to exhibit the energy-momentum disper-
sion law of two species of (relativistic) Dirac fermions at
two points in the Brillouin zone at low energy near the
Fermi level (at zero energy). It was shown in Ref. 33 that
the SLS-preserving disorder discussed above leads to a
theory for the disorder averages which, in the supersym-
metric formulation,1 is a GL(2N |2N) Thirring (Gross-
Neveu) model. In other words, the problem of two-
dimensional Anderson localization on the honeycomb lat-
tice preserving SLS and TRS, is described by a set of
Dirac fermions (and SUSY boson partners) perturbed by
a current-current interaction of the Noether currents of
its underlying GL(2N |2N) (super) symmetry. The inter-
action strength corresponds to the strength of the disor-
der. The system of free Dirac fermions (and SUSY boson
partners) is well known26,28 to be described by a WZW
model on the supergroup GL(2N |2N) with ĝl(2N |2N)k
conformal Kac-Moody current algebra symmetry at level
k = 1.
9This section is devoted to the one-loop RG analysis
of high-gradient operators in the perturbed ĝl(M |M)k
WZW theory. The main result of this section and of this
article applies to the case of level k = 1 of relevance for
the random tight-binding models discussed above. In or-
der to state this result, we first need to recall from Ref.
33 that the GL(2N |2N) Thirring (Gross-Neveu) models
possess two coupling constants; one, gM, which does not
flow under the renormalization group (RG) and another,
gA, which flows logarithmically under the RG and a rate
dependent on gM. Our main result then suggests that all
higher-order gradient operators are more irrelevant in the
presence of the current-current interaction with gM > 0
than at zero coupling gM = 0. A positive gM can be
interpreted33 as the variance of the disorder strength in
the random tight-binding model in symmetry class BDI.
For the opposite sign of the coupling constant gM < 0,
on the other hand, higher-order gradient operators have
a spectrum of one-loop dimensions that is unbounded
from below very much as in Eq. (1.2). In the context
of Anderson localization, the case with gM < 0 describes
the surface state of a three-dimensional topological insu-
lator in the chiral-symplectic class (symmetry class CII)
of Anderson localization.40,41
As in Sec. II, we are going to distinguish two limits. In
the first (classical) limit,
M →∞, k →∞, (3.1)
OPEs between the high-gradient operators can be ob-
tained without any reference to the composite nature of
the currents. One then recovers a spectrum of one-loop
scaling dimensions for high-gradient operators that mim-
ics closely that of the NLσMs discussed above. The sec-
ond limit,
M = 1, 2, 3, · · · , k = 1, (3.2)
is the opposite extreme to the first one in that the nor-
mal ordering of the currents and thus of the high-gradient
operators is essential and changes dramatically the spec-
trum of one-loop scaling dimensions from the “classical”
limit (3.1).
A. Definitions
Our starting point is a two-dimensional conformal field
theory characterized by the current algebra33
J BA (z)J
D
C (0) =
kcBDAC
z2
+
1
z
[
d
B
CJ
D
A (0) + e
BD
AC J
B
C (0)
]
+ · · · ,
J¯ BA (z¯)J¯
D
C (0) =
kcBDAC
z¯2
+
1
z¯
[
d
B
C J¯
D
A (0) + e
BD
AC J¯
B
C (0)
]
+ · · · ,
J BA (z)J¯
D
C (0) =0,
(3.3a)
where
c
BD
AC := (−)
B+1δDA δ
B
C , (3.3b)
and
d
B
C = −(−)
BCδBC , e
BD
AC = (−)
BC+D(B+C)δDA , (3.3c)
with the indices A,B,C,D = 1, · · · ,M+N , where δBC de-
notes the Kronecker delta. The capitalized indices A, B,
C, and D also carry a grade which is either 0 for M out
of theM+N values that they take or 1 for the remaining
N values. It is the grade of the indices A and B that en-
ters expressions such as (−)A or (−)AB. The grade 0 (1)
will shortly be associated with bosons (fermions). The
positive integer k is the level of the current algebra (3.3).
The current algebra (3.3) is associated with the Lie su-
peralgebra gl(M |N) defined by the structure constants
Eq. (3.3c) for A,B,C,D = 1, · · · ,M +N . When N = 0,
the structure constants (3.3c) reduce to
d
B
C = −δ
B
C , e
BD
AC = +δ
D
A , (3.4)
for A,B,C,D = 1, · · · ,M . These define the Lie algebra
gl(M) of the non-compact Lie group GL(M). WhenM =
0, the structure constants (3.3c) reduce to
d
B
C = +δ
B
C , e
BD
AC = −δ
D
A , (3.5)
for A,B,C,D = 1, · · · , N . These define the Lie algebra
u(N) of the compact Lie group U(N).
There exists a free-fermion and free-boson realization
of the current algebra (3.3) defined by the action46
S∗ :=
k∑
ι=1
∫
dz¯dz
2πi
(
ψA†ι ∂¯ ψAι + ψ¯
A†
ι∂ ψ¯Aι
)
(3.6a)
with the partition function
Z∗ :=
∫
D[ψ†, ψ, ψ¯†, ψ¯] exp(−S∗), (3.6b)
where it is understood that ψAι and ψ¯Aι are complex-
valued integration variables for the M values of A with
grade 0 while ψAι and ψ¯Aι are Grassmann-valued integra-
tion variables for the N values of A with grade 1, regard-
less of the value taken by the flavor index ι = 1, · · · , k.
The current algebra (3.3) is then realized by the repre-
sentation
J BA :=
k∑
ι=1
:ψAιψ
B†
ι : , J¯
B
A :=
k∑
ι=1
: ψ¯Aιψ¯
B†
ι :, (3.7)
as follows from the OPE
ψAι(z)ψ
B†
ι′ (0) = (−1)
AB+1ψB†ι′ (z)ψAι(0) =
διι′δ
B
A
z
,
ψ¯Aι(z¯)ψ¯
B†
ι′ (0) = (−1)
AB+1ψ¯B†ι′ (z¯)ψ¯Aι(0) =
διι′δ
B
A
z¯
,
ψAι(z)ψ¯
B†
ι′(0) = 0,
(3.8)
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with A,B = 1, · · · ,M +N and ι = 1, · · · , k.
The expressions in Eq. (3.7) form a representation of
the ĝl(M |N)k current algebra in terms of free fermions.
There are two Casimir invariants of rank 2 in gl(M |N)
that we use to perturb the free field theory (3.6) with
two types of current-current interactions, both of which
are invariant under the global GL(M |N) symmetry,33
Z :=
∫
D[ψ†, ψ, ψ¯†, ψ¯] exp(−S),
S := S∗ +
∫
dz¯dz
2πi
(gA
2π
OA +
gM
2π
OM
)
,
OA := −J
A
A (−1)
A J¯ BB (−1)
B ≡ −strJ str J¯ ,
OM := −J
B
A J¯
A
B (−1)
A ≡ −str
(
JJ¯
)
.
(3.9)
Formally, one may allow the coupling constants gA and
gM to take on any real (i.e., positive or negative) values.
However, to make connection with the above mentioned
two-dimensional tight-binding models in symmetry class
BDI of Anderson localization, we must demand that gA
and gM be positive. (See Appendix B.)
The “classical” counterparts to the high-gradient op-
erators of order s in Eq. (2.9) are the homogeneous poly-
nomials
T
A
1
···As A¯1··· A¯s
B
1
···BsB¯1 ···B¯s
J
B
1
A
1
· · · J
Bs
As
J¯
B¯
1
A¯
1
· · · J¯
B¯s
A¯s
(3.10)
of the left and right currents that are invariant under the
diagonal GL(M |N) symmetry group of the interacting
theory.47 The set of “classical” high-gradient operators
of order s is specified once all the linearly independent
rank 2s invariant tensors T
A
1
···As A¯1··· A¯s
B
1
···BsB¯1 ···B¯s
in the adjoint
representation of GL(M |N) which are invariant under
GL(M |N) transformations have been enumerated. At
the quantum level, normal ordering defines the quantum
high-gradient operators of order s as in Eq. (2.10).
We are now going to specialize to the case M = N
where the beta function for the coupling constant gM
vanishes identically, an exact result.33 (As already men-
tioned, the other coupling constant gA flows logarithmi-
cally at a rate set by gM.) The sector which we loosely
denote by
PSL(M |M) ∼ GL(M |M)/U(1)×U(1) (3.11)
remains scale (conformally) invariant for any value of gM.
More specifically, PSL(M |M) is obtained by first factor-
ing out the U(1) subgroup thereby obtaining the sub-
group SL(M |M) of GL(M |M), followed in a second step
by the “gauging away” of the states carrying the U(1)
charges under j := J AA and j¯ := J¯
A
A .
33,51,52 This turns
out to realize a line of RG fixed points (and conformal
field theories) labeled by the coupling constant gM.
33
B. High-gradient operators when M,k →∞
We are going to show that, when k and M are very
large, the spectrum for the one-loop scaling dimensions
of high-gradient operators shares the same structure as
that in Eq. (1.2). It will become clear by comparison to
the case of k = 1 that the limit M,k→∞ is the extreme
“classical” limit whereas the limit k = 1 is the extreme
“quantum” limit.
We restrict the family of “classical” high-gradient op-
erators to objects of the form
str
(
JJ¯JJJ¯J
)
str
(
JJ¯J¯
)
· · · , (3.12)
i.e., to diagonal GL(M |M)-invariant monomials of or-
der s in both the holomorphic and antiholomorphic cur-
rents. For any given order s, the engineering dimensions
are all equal and given by 2s. This degeneracy is lifted
to first order in the coupling constant gM. The task of
enumerating all linearly-independent high-gradient oper-
ators (3.12) of order s is greatly simplified by the as-
sumption M,k → ∞. We can rule out the scenario by
which it is a finite set of independent Casimir operators
of gl(M |M) that fixes all the linearly independent clas-
sical high-gradient operators of order s once the limit
M → ∞ has been taken. We can also rule out the sce-
nario by which normal ordering changes the book-keeping
between classical and quantum high-gradient operators of
order s once the limit k →∞ has been taken.
For high-gradient operators of type Eq. (3.10) or
(3.12), the coupling gA does not renormalize their scaling
dimensions, since gA (or OA) can be removed from the
action (3.9) by chiral transformation. All that therefore
is needed to compute their one-loop scaling dimensions
are their OPE with the quadratic Casimir operator OM.
We will write the following expressions for the general
case of GL(M |N), and will set M = N (i.e., the case
of interest) only in Eqs. (3.19), (3.20), and (3.21). The
required OPEs follow from (a) the intra-trace formula
str
[
JMJ¯N
]
× str
[
JJ¯
]
= str (JN ) str
(
MJ¯
)
− str (M) str
(
JJ¯N
)
− str
(
JMJ¯
)
str (N ) + str (JM) str
(
J¯N
)
(3.13a)
and (b) the inter-trace formula
str
[
JM
]
str
[
J¯N
]
× str
[
JJ¯
]
= str
(
JN J¯M
)
− str
(
JJ¯NM
)
− str
(
JMN J¯
)
+ str
(
JMJ¯N
) (3.13b)
with M and N arbitrary operators. Here we have used
the short-hand notation of Eq. (2.15).
To proceed we also need to distinguish linearly inde-
pendent high-gradient operators of order s. To this end,
a “quantum number”, the number of switches, is intro-
duced.9−11 The number of switches of type n↑ and of
type n↓ in a single trace are defined as follows. Consider
the trace
str
(
Jµ
1
Jµ
2
Jµ
3
· · · Jµ
2n
)
(3.14a)
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where µ1, · · · , µ2n = ± while J− = J and J+ = J¯ . Write
the sequence of “conformal” indices
µ1, · · · , µ2n, µ2n+1 (3.14b)
where µ2n+1 = µ1 by cyclicity of the trace. The num-
ber n↑ of switches of type ↑ is the number of sign
changes from + → − in two consecutive conformal in-
dices when reading the sequence µ1, · · · , µ2n, µ2n+1 from
left to right. The number n↓ of switches of type ↓ is
the number of sign changes from − → + in two con-
secutive conformal indices when reading the sequence
µ1, · · · , µ2n, µ2n+1 from left to right.
These quantum numbers are useful as it can be shown
that there is no contribution in the one-loop RG of super-
traces made out of 2n currents as in Eq. (3.14a) from the
subspace with n↑ and n↓ to the one with at least n↑ + 1
and n↓ + 1. This implies a lower triangular structure for
the linearized RG equations obeyed by all supertraces of
order 2n as in Eq. (3.14a) which allows to treat separately
each sector defined by a given number of switches. We
shall assume that the strongest renormalization of the
engineering scaling dimensions occurs within the sector
made of the maximum number of switches.
Within the subspace of maximal switches it is sufficient
to introduce
ω := JJ¯ ≡ J−J+, Ωm := str
(
ωm
)
, (3.15)
for anym = 1, 2, 3, · · · . With the help of the OPE (3.13a)
and (3.13b) one verifies the OPE
str (ωωmωωn)×OM = −Ωm+2Ωn − Ωn+2Ωm
− 2Ωm+1Ωn+1,
str (ωωm)str (ωωn)×OM = −4Ωm+n+2,
str (ωωm)×OM = −Ω1Ωm − (N −M)Ωm+1,
(3.16a)
and
Ωm ×OM = −2m
k+l=m∑
k,l=1
ΩkΩl − 2m(N −M)Ωm,
Ωrmm Ω
rn
n ×OM = −4rmrnmnΩm+nΩ
rm−1
m Ω
rn−1
n ,
(3.16b)
for any m,n, rm, rn = 1, 2, 3, · · · .
The action of the linearized one-loop RG flow on the
space of composite operators in the subspace of maximal
switches spanned by
Ω
r
1
1 Ω
r
2
2 · · ·Ω
rL
L ,
L∑
p=1
p rp = 2s, (3.17)
is encoded by the operator
Rˆ :=−2 (N −M)
∑
k
kΩk
∂
∂Ωk
− 2
∑
l,n
[
(l + n)ΩlΩn
∂
∂Ωl+n
+ lnΩl+n
∂
∂Ωl
∂
∂Ωn
]
.
(3.18)
It is instructive to compare the OPE (3.16) and the
RG equation (3.18) with the corresponding result in
the weakly coupled NLσM on the symmetric space
U(P + Q)/U(P ) × U(Q) with P,Q > 1:9,10 They are
essentially identical to the corresponding result for the
U(P +Q)/U(P )×U(Q) NLσM.
Now we return to the case M = N . The diagonaliza-
tion of Rˆ gives the largest and smallest eigenvalues9,10
λ(s)max = +2s(s− 1) = −λ
(s)
min. (3.19)
Thus, both largest and smallest eigenvalues depend
quadratically on s. In turn, one obtains a spectrum of
one-loop scaling dimensions with the upper and lower
bounds
x(s)max = 2s+
gM
π
s(s− 1), (3.20)
x
(s)
min = 2s−
gM
π
s(s− 1), (3.21)
for any given 1 < s = 2, 3, · · · . Observe that these
bounds are interchanged when gM → −gM.
C. High-gradient operators when k = 1
Having dealt with the extreme “classical” limit, we
turn our attention to the extreme “quantum” limit M =
1, 2, 3, · · · and k = 1 for which the interacting field the-
ory (3.9) describes a problem of Anderson localization in
d = 2 dimensions reviewed in Appendix B.
The classification of all independent high-gradient op-
erators in GL(M |M) or in PSL(M |M) is more involved
than in SU(2) because the problem of listing all invariants
is more complex.51 An increase of complexity can already
be seen at the level of SU(N) for which the invariant ten-
sors of rank 2s are obtained from all possible products
of one rank 2 tensor and two rank 3 tensors.48 Instead of
considering the most generic family of “classical” high-
gradient operators (3.10), we consider the GL(M |M) in-
variant family of “classical” objects
{OmMO
n
A|m,n = 0, 1, 2, 3, · · · , m+ n = s} , (3.22)
which must then be normal ordered. We are going
to prove that the coupling constant Z
(s)
m,n of the high-
gradient operator OmMO
n
A in the action
S =S∗ +
∫
dz¯dz
2πi
(gA
2π
OA +
gM
2π
OM
)
−
m+n=s∑
m,n=0
Z(s)m,na
2s−2
∫
dz¯dz
2πi
OmMO
n
A
(3.23)
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obeys the linearized one-loop RG equation
dZ
(s)
m,n
dl
=(2− 2s)Z(s)m,n
− 4
gM
2π
m(m− 1)Z(s)m,n
+ 4
gM
2π
(m+ 1)2Z
(s)
m+1,n−1
(3.24)
for any m,n = 0, 1, 2, 3, · · · with m+ n = s > 1. For the
PSL(M |M) theory the operators OnA are all absent.
The RG equation (3.24) shows that there is no feed-
back from high-gradient operators containing a factorOnA
to those containing a factor On
′
A provided n
′ < n. Diag-
onalization of the RG equation gives the set of one-loop
scaling dimensions
x(s)m,n = 2s+
2gM
π
m(m− 1) (3.25)
for all m,n = 0, 1, 2, 3, · · · such that m + n = s. For a
positive gM we get the lower and upper bounds
x
(s)
min = 2s, x
(s)
max = 2s+
2gM
π
s(s− 1), (3.26)
respectively, i.e., x
(s)
m,n with m + n = s is always much
larger than the engineering dimension 2s so that the high-
gradient operatorOmMO
n
A is irrelevant. For a negative gM,
the spectrum of lower bounds on x
(s)
m,n with m+n = s is
unbounded from below when s→∞, i.e.,
x
(s)
min = 2s−
2|gM|
π
s(s− 1), x(s)max = 2s. (3.27)
Proof: Having made the simplification gA = 0 we
only need to compute the OPE OmMO
n
A × OM, where
1 ≤ m + n = s, to justify Eqs. (3.24) and (3.25). Each
operator in Eq. (3.22) contains terms with 4s bosons,
4s− 2 bosons and 2 different fermions, 4s− 4 bosons and
4 different fermions, ..., 4s− 2M bosons and 2M differ-
ent fermions, and so on. The terms that contain identical
fermions have short-distance singularities and hence they
should be interpreted as operators that involve gradients
over fermion fields after normal ordering. It is under-
stood from now on that the OPE OmMO
n
A × OM is only
over the terms in the expansion OmMO
n
A involving differ-
ent fermions, i.e., the OPE we present are “accurate”
up to terms involving gradients over fermionic spinors.
Neglecting the OPE between derivatives of the fermionic
spinors and OM is harmless insofar as these OPE cannot
feedback into the RG flows of those contributions that
we keep.
Let
(χξ) :=
2M∑
A=1
χAξA =
2M∑
A=1
(−)AξAχ
A (3.28)
and remember that OA = −
(
ψ†ψ
) (
ψ¯†ψ¯
)
while OM =
−
(
ψ†ψ¯
) (
ψ¯†ψ
)
. The OPE that involve
(
ψ†ψ¯
)
and
(
ψ¯†ψ
)
are (
ψ†ψ¯
)
×
(
ψ¯†ψ
)
= 0,
(ψ†ψ¯)(ψ† ψ¯)× (ψ¯†ψ) = −(ψ†ψ¯),
(ψ†ψ¯)(ψ¯†ψ)× (ψ†ψ¯)(ψ¯†ψ) = −OA.
(3.29)
On the other hand, the OPE that involve
(
ψ†ψ
)
,
(
ψ¯†ψ¯
)
,(
ψ†ψ¯
)
, and
(
ψ¯†ψ
)
are given by
(ψ†ψ)(ψ¯†ψ¯)× (ψ†ψ¯)(ψ¯†ψ) (3.30a)
= −(ψ†ψ)(ψ¯† ψ¯)× (ψ†ψ¯)(ψ¯†ψ) = −OM,
(ψ†ψ)(ψ¯†ψ)× (ψ†ψ¯)(ψ¯†ψ) (3.30b)
= −(ψ†ψ)(ψ¯†ψ)× (ψ†ψ¯)(ψ¯†ψ) = (ψ†ψ)(ψ¯†ψ).
Both OM and OA are generated through the OPE
(3.29) and (3.30), respectively. However, two OPE in
Eq. (3.30a) always appear in a pairwise fashion and can-
cel each other,
(ψ†ψ)(ψ¯†ψ¯)A ×OM + (ψ
†ψ)(ψ¯† ψ¯)A×OM = 0, (3.31)
where A is some operator. Hence, the total number of
OM contained in a high-gradient operator never increases
under the linearized RG flow.
From the OPE (3.29) and (3.30) one deduces the OPE
OmMO
n
A ×OM
= mOm−1M O
n
AOM ×OM + nO
m
MO
n−1
A OA ×OM
+mnOm−1M O
n−1
A OMOA ×OM
+m(m− 1)Om−2M O
n
AOMOM ×OM
+n(n− 1)OmMO
n−2
A OAOA ×OM
= 2m(m− 1)OmMO
n
A − 2m
2Om−1M O
n+1
A . (3.32)
(When m = 0, the term with Om−1M is absent from the
last line.) The linearized one-loop RG equation (3.24)
thus follows from the OPE (3.32). 
Had we assumed the level k to be larger than k = 1,
the family (3.22) would not have been closed under the
OPE with OM. For example, in the extreme classical
limit M,k → ∞ the family of high-gradient operators is
given by the much larger family (3.12).
We close by pointing out that we could have reached
the same conclusions on the spectrum of one-loop scal-
ing dimensions of high-gradient operators had we used,
instead of the effective action with diagonal GL(M |M)
symmetry, an action built out of fermionic replicas or an
action built out of bosonic replicas and taken the number
of replicas to zero at the end of the day. Using bosonic
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replicas mimics very closely the line of argument pre-
sented here. Using fermionic replicas singles out high-
gradient operators made of fermionic spinors that are all
distinct through their replica index and then taking this
replica index to zero, very much in the same way as repli-
cated vortices in certain classes of classical random two-
dimensional Coulomb gases.57−61
We would like to stress that our results depend cru-
cially on the continuous symmetry GL(2N |2N) of the
ĝl(2N |2N)k=1 Thirring model. (From the point of
view of Anderson localization, it is the existence of
a continuous symmetry not the symmetry group per
se that matters since the symmetry group changes de-
pending on the choice made to represent single-particle
Green’s functions, say a supersymmetric, bosonic repli-
cas, fermionic replicas, or Keldysh path integral.) If we
consider local perturbations (local operators) that break
the GL(2N |2N) symmetry, an infinite set of local op-
erators with relevant (negative) scaling dimensions can
appear. This alternative set of local operators may be re-
lated to the situation recently considered by Le Doussal
and Schehr.62 The microscopic starting point of Ref. 62 is
a class of classical randomXY models in two dimensions.
These models can also be viewed as interacting models of
Dirac fermions subjected to disorder, by the magic of the
boson-fermion duality in d = (1+1) dimensions.33,59 The
difference with our paper is that their model is not invari-
ant under a continuous symmetry group, but only under
the discretey symmetry group which permutes the replica
indices. It is then necessary to use the full machinery of
functional RG to account for the one-loop relevance of
high-gradient operators.
D. Comparison with the CP 1|2 NLσM
The perturbed ĝl(2N |2N)k=1 WZW model with gM >
0 (Thirring model) describes a problem of Anderson lo-
calization in two dimensions. As briefly reviewed in Ap-
pendix B, this problem of Anderson localization arises as
the long-wavelength description of a tight-binding model
on a two-dimensional bipartite lattice with a form of dis-
order that preserves sublattice and time-reversal symme-
tries. The long-wavelength theory is a (2+1)-dimensional
Dirac equation subject to disorder potentials consistent
with these symmetries. In terms of the symmetry-based
classification of Anderson localization, the relevant sym-
metry class is the class BDI (chiral-orthogonal symmetry
class).36−38
It is possible to use a different representation of this
Anderson localization problem, in terms of a NLσM
whose target space is the non-compact supermanifold
GL(2N |2N)/OSp(2N |2N). (3.33)
(A suitable analytical continuation in the boson-boson
sector is needed to implement the non-compactness.36)
These two descriptions, one in terms of the Thirring
model and the other in terms of the NLσM, are com-
plementary to each other in that when one of the models
is strongly coupled, the other is weakly coupled. A re-
flection of this appears in the conductivity. The coupling
constant of the NLσM is inversely proportional to the
conductivity. In the clean limit gM = 0 of the Thirring
model the conductivity is of order unity (in units of e2/h),
consistent with the strongly coupled regime of the NLσM.
The conductivity increases with gM > 0 as seen in per-
turbation theory.63 Furthermore, both gM and the con-
ductivity are exactly marginal. This suggests a deeper
relationship between the Thirring model and the NLσM,
and indeed (following Ref. 41), one can turn the Thirring
model into the NLσM continuously by tuning gM (or
equivalently the conductivity) continuously.
We consider the case N = 1 for which the non-compact
target supermanifold (3.33) is isomorphic to U(1)×U(1)×
CP 1|2, where again a suitable analytical continuation is
understood for CP 1|2, i.e., we need to consider the non-
compact counterpart to CP 1|2 as defined in Appendix A.
Obtaining the non-compact CP 1|2 target supermanifold
of the NLσM from U(1) × U(1) × CP 1|2 corresponds in
the Thirring model to the reduction of the GL(2|2) to
the PSL(2|2) current algebra in Eq. (3.11).
It is explicitly shown in Appendix A that all high-
gradient operators are made more irrelevant at one-loop
order by fluctuations in any non-compact CPN+M−1|N
NLσM labeled by the non-negative integers M and N .
To be more precise, we find that the largest and smallest
one-loop scaling dimensions for the high-gradient opera-
tors of type (A14), for a given s, are
x(s)max =2s+ 2|t|s(s− 1),
x
(s)
min =2s+ 2|t| × 0,
(3.34)
where |t| > 0 is the coupling constant of the non-compact
CPN−1|N NLσM. This is fully consistent with our finding
(3.26) in the Thirring model. We conclude that, in sym-
metry class BDI, high-gradient operators in the Thirring
model with gM > 0 behave in the same way as in the
corresponding NLσM (i.e., the one that belongs to the
symmetry class BDI).
The sign of gM in the perturbed ĝl(2N |2N)k=1 WZW
model can be chosen to be negative, gM < 0. If so,
this field theory does not represent anymore the mo-
ments of the single-particle Green’s function in a prob-
lem of Anderson localization in (bulk) two dimensions.
Nevertheless, this field theory does describe a problem
of Anderson localization which, however, now belongs
to the different symmetry class CII (chiral-symplectic
symmetry class) describing the effect of disorder on the
Dirac fermions which are known to appear at the two-
dimensional boundary of a three-dimensional topological
band insulator in the same symmetry class.40–42 Equa-
tion (3.27) implies that high-gradient operators are now
made more relevant by the current-current perturbation
gM < 0 to one-loop order. As for the case with gM > 0, a
problem of Anderson localization in the symmetry class
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CII is characterized by a NLσMwith a corresponding tar-
get manifold. As before, the beta function of the coupling
constant gM < 0 of the Thirring model as well as that of
the coupling constant of the corresponding NLσM van-
ish, and one can interpolate41 between the weak coupling
limit of the Thirring model and the strong coupling limit
of the NLσM and conversely, by tuning gM continuously.
The target supermanifold in symmetry class CII is the
compact supermanifold (3.33), from which one extracts
when N = 1 the NLσM on the compact supermanifold
CP 1|2.65 It is explicitly shown in Appendix A that all
high-gradient operators are made more relevant at one-
loop order by fluctuations in any compact CPN+M−1|N
NLσM labeled by the non-negative integersM and N . In
particular, for M = 0, we find that the largest and small-
est one-loop scaling dimensions for the high-gradient op-
erators of type (A14), for a given s, are
x(s)max =2s− 2ts(s− 1),
x
(s)
min =2s+ 2t× 0,
(3.35)
where t > 0 is the coupling constant of the com-
pact CPN−1|N NLσM. Once again, we conclude that
high-gradient operators behave in the same way in the
Thirring model with gM < 0 and in the corresponding
NLσM that belongs to the symmetry class CII.
IV. CONCLUSIONS
More than twenty years after their discovery, the role
of high-gradient operators, which appear to be highly
relevant in one-loop computations of anomalous dimen-
sions in a great variety of NLσMs, still remains a puz-
zle. Indeed, this perturbative property is rather general
as it can apply to both compact and non-compact tar-
get manifolds. In the absence of an exact calculation of
observables that would be sensitive to high-gradient op-
erators, it is still an outstanding question whether the
extreme RG-relevance of these operators is an artifact of
the one-loop calculation (e.g., in the 2+ ǫ-expansion), or
is a feature that is generally valid. (For an attempt to
compare the ǫ expansion in d = 2 − ǫ dimensions with
exact results obtained for d = 1, see Ref. 16.)
In order to shed some light on these issues we have
asked in this paper the following question. Can high-
gradient operators become relevant in the family of two-
dimensional ĝl(M |M)k Thirring models with M and k
positive integers? The strategy that we followed has
three steps. The first step consists of identifying all the
independent “classical” high-gradient operators of order
s. This is a problem of group theory that involves the
enumeration of all distinct GL(M |M) singlets in the di-
rect product of 2s adjoint representations of GL(M |M).
The second step consists of normal-ordering all indepen-
dent classical high-gradient operators of order s. This
step depends crucially on the level k of the non-Abelian
Thirring model. The inverse level 1/k plays the role of
a quantum parameter that vanishes in the limit k →∞.
The level k = 1 is thus the most “quantum”. The com-
putation of the linearized RG flows for the high-gradient
operators is the final step.
We could not solve the first step in its full general-
ity. We were nevertheless able to construct two sets of
high-gradient operators in the extreme “classical” limit
ĝl(M |M)k with M,k → ∞ and the extreme “quantum”
case ĝl(M |M)k with M a positive integer and k = 1,
respectively, and carry out the second and third steps
consistently, i.e., show that each family of normal-ordered
high-gradient operators is closed under the linearized RG
flow equations.
The set of high-gradient operators that we considered
in the extreme “quantum” limit is much smaller than
the set of high-gradient operators for the extreme “clas-
sical” case. This is to be expected as normal ordering is
extremely sensitive to the free-field fermionic representa-
tion of the ĝl(M |M)k current algebra at the unperturbed
WZW critical point. This difference has dramatic con-
sequences for the spectrum of one-loop anomalous scal-
ing dimensions in the extreme “classical” and “quantum”
cases.64
In the extreme “classical” case, anomalous one-loop
scaling dimensions for high-gradient operators of order
s are distributed in a symmetric fashion about zero
with the minimum and the maximum both depending
quadratically on the order s, very much like for the family
of NLσMs on the target spaces U(M +N)/U(M)×U(N)
with M and N positive integers.16,29−32 Hence, high-
gradient operators must become (one-loop) relevant for
both signs of the current-current interaction with increas-
ing order s very much in the same way as their cousins do
in both the compact family U(M+N)/U(M)×U(N) and
the non-compact family U(M,N)/U(M) × U(N) with
M,N > 1.
In the extreme quantum case k = 1, the spectrum of
anomalous one-loop scaling dimensions of order s is al-
ways one-sided, i.e., positive for one sign of the current-
current interaction. For ĝl(M |M)k=1 with M a posi-
tive integer the sign of the current-current interaction
for which high-gradient operators are always irrelevant
corresponds to the interpretation of the ĝl(2N |2N)k=1
Thirring model as a problem of Anderson localization in
random tight-binding models on two-dimensional bipar-
tite lattices (symmetry class BDI). We have shown in this
paper that the high-gradient operators in these random
tight-binding models are irrelevant at one-loop order.
High-gradient operators in those NLσMs of relevance
to the physics of Anderson localization are related to the
moments of the dc conductance.29−32 Their perturbative
one-loop relevance has been interpreted as the signature
of broad tails in the probability distribution of the con-
ductance in Refs. 29–32. (One should, however, bear in
mind that the current-current correlation function enter-
ing the Kubo formula for the conductance looks rather
different from a simple GL(2N |2N) current-current cor-
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relation function.69) It would thus be very interesting
to study the probability distribution of the dc conduc-
tance in the relevant random tight-binding model using
nonperturbative techniques (this may include, e.g., also
numerical approaches) in order to establish if it is broad
or not.
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Appendix A: High-gradient operators in NLσMs on
the complex projective superspaces CPN+M−1|N
Whether or not the spectra of anomalous one-loop
scaling dimensions of high-gradient operators in NLσMs
are symmetric about zero or not can be very impor-
tant when the analytical continuation of the coupling
constant t in the NLσM from positive to negative val-
ues is meaningful from a physical point of view. We
shall call spectra which are fully symmetric about zero
two-sided spectra. Spectra of anomalous one-loop scal-
ing dimensions that are strictly positive (negative) will
be called one-sided. NLσMs with the target manifolds
SN−1 = O(N)/O(N − 1) are already known to be one-
sided.8 We are going to show that this is also the case for
the NLσMs with the target manifolds67
CPN+M−1|N ≃
U(N +M |N)/[U(1)×U(N +M − 1|N)].
(A1)
The complex projective superspaces (A1) are generaliza-
tions of the compact complex projective spaces
CPM−1 ≃ U(M)/[U(1)×U(M − 1)]. (A2)
We shall also study on their own right the high-gradient
operators in NLσMs with the non-compact complex pro-
jective target spaces
U(1, N +M − 1|N)/[U(1)×U(N +M − 1|N)]. (A3)
These non-compact manifolds follow from the compact
complex projective spaces (A2) upon analytical contin-
uation of some real coordinates to imaginary ones. The
complex projective superspaces (A1) are special cases of
the Ka¨hler supermanifolds whose high-gradient operators
were studied in Ref. 16. We refer the reader for notations,
conventions, and the relevant intermediary results to Ref.
16.
Appendix A is organized as follows. We first define
NLσMs on the projective supespaces (A1) using a geo-
metrical approach. We then present the main result of
Appendix A on the one-loop scaling dimensions of high-
gradient operators and show that they are one sided. We
close by briefly outlining how the one-loop scaling dimen-
sions of high-gradient operators are computed.
1. Geometry of the CPN+M−1|N NLσMs
A NLσM on a Hermitian supermanifold can be defined
with the help of the partition function
Z :=
∫
D
[
ϕ†, ϕ
]
e−S[ϕ
†,ϕ],
S :=
1
2πt
∫
ddr
(
∂µϕ
∗a
)
a∗gb(ϕ
†, ϕ)
(
∂µ
bϕ
)
.
(A4)
Here, (ϕ†, ϕ) are the coordinates on the Hermitian su-
permanifold, a∗gb(ϕ
†, ϕ) is the metric on the Hermitian
supermanifold, and t is the NLσM’s coupling constant.
We are going to restrict our analysis to Hermitian su-
permanifolds such that their metric can be derived from
a Ka¨hler potential. Furthermore, we shall choose the
Ka¨hler potential so that the target supermanifold is none
but the CPN+M−1|N symmetric space. The Ka¨hler po-
tential for CPN+M−1|N is
K := log(1 + ϕ†ξϕ). (A5a)
The bilinear form
ϕ†ξϕ := ϕa∗ a∗ξb ϕ
b (A5b)
is presented in terms of the diagonal tensor ξ with the
components
a∗ξb := a∗δb (A5c)
that do not depend on the coordinates (ϕ†, ϕ). Hence,
1 + ϕ†ξϕ = 1 +
N+M−1∑
i=1
φ∗iφi +
N∑
i=1
ψ∗iψi, (A5d)
where (φ∗i, φi) with i = 1, · · · , N +M − 1 and (ψ∗i, ψi)
with i = 1, · · · , N are the bosonic and fermionic co-
ordinates of (ϕ†, ϕ), respectively. We observe that
(ϕ∗a, ϕa) has N+M−1 bosonic and N fermionic coordi-
nates. Equations (A4) and (A5) define the CPN+M−1|N
NLσMs. Setting N = 0 in Eqs. (A4) and (A5) defines
the NLσMs on the compact complex projective mani-
fold (A2). The analytical continuation φi → iφi and
φ∗i → iφ∗i in Eqs. (A4) and (A5) defines the NLσMs on
the non-compact complex projective manifold (A3).
The derivative of the Ka¨hler potential (A5a) gives the
metric (a superanalogue of the Fubini-Study metric) for
CPN+M−1|N through
a∗gb =
−→
∂
∂ϕa∗
K
←−
∂
∂ϕb
≡ Z a∗Yb. (A6a)
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We have introduced the scalar
Z :=
1
1 + ϕ†ξϕ
(A6b)
and the tensor
a∗Yb := a∗ξb − a∗ξcϕ
c
Zϕd∗d∗ξb. (A6c)
Following the usage for graded indices from Ref. 16, we
also define the tensors
a
Y
b∗ := aξb
∗
+ ϕaϕb∗,
aYb∗ := (−1)
a+b+ab
b∗Ya,
a∗
Y
b := (−1)ab bYa
∗
.
(A7)
It then follows that the metric indices can be raised, low-
ered, or shifted according to
a∗gb = Z a∗Yb ,
agb∗ = Z aYb∗ ,
a∗gb = Z−1a
∗
Y
b,
agb
∗
= Z−1aYb
∗
.
(A8)
The metric tensor (A6) can be expanded about any
point of the manifold at which it is finite (flat geometry).
The lowest order in this expansion defines the “kinetic”
contribution to the Lagrangian of the NLσM, whereas
the higher-order contributions define the “interactions”.
The bosonic contribution to the kinetic energy must be
positive definite for the path integral (A4) to be well
defined. This condition fixes the sign of the coupling
constant t. For the compact complex projective mani-
folds (A2), t > 0 must be chosen. For the non-compact
complex projective manifolds (A3), t < 0 must be chosen
(see, for example, Ref. 70). A consequence of the analyt-
ical continuation t → −t for the one-loop beta function
of t, if it is proportional to t2 as it is in d = 2 dimen-
sions, is that it changes by a sign. Similarly, the one-loop
corrections to the scaling dimensions of high-gradient op-
erators also change by a sign under the analytical contin-
uation t → −t.19,20 It then matters greatly whether the
anomalous one-loop scaling dimensions are two-sided or
one-sided.
According to Friedan,4 the one-loop beta function for
the coupling constant t of a NLσM on a Riemannian
manifold is given by the curvature of the manifold. The
curvature follows from the Ricci tensor, which we now
compute for CPN+M−1|N . Needed are the coefficients of
the connection. They are
Γabc :=
agd
∗
d∗gb,c
= − Z
[
aδb ϕ
d∗
d∗ξc + (−1)
bc aδc ϕ
d∗
d∗ξb
] (A9a)
and
Γa
∗
b∗c∗ =
a∗gd dgb∗,c∗
= − Z
[
(−1)c aδb ϕ
d
dξc∗ + (−1)
b+bc aδc ϕ
d
dξb∗
]
.
(A9b)
The curvature tensor field on CPN+M−1|N can then be
expressed solely in terms of the metric tensor field,
Rabcd∗ = − Γ
a
bc
←−
∂ ∗d
= aδb gcd∗ +
aδc (−1)
bc gbd∗
(A10a)
and
Ra
∗
b∗c∗d = − Γ
a∗
b∗c∗
←−
∂ d
= aδb gc∗d +
aδc (−1)
bc gb∗d.
(A10b)
For CPN+M−1|N , the Ricci tensor field is proportional
to the metric with M the proportionality constant,
Rbd∗ = Mgbd∗ . (A11)
For CPN+M−1|N , it follows that the Ricci tensors van-
ishes whenM = 0, and so does the one-loop beta function
according to Friedan. The beta function vanishes to all
orders in the loop expansion.71 The special case of CP 1|2
[(M,N) = (0, 2)] has also been discussed in Refs. 66 and
68.
2. High-gradient operators for the CPN+M−1|N
NLσMs
From the property (A10), i.e., that the curvature
tensor field of the supermanifold CPN+M−1|N depends
solely on its metric, follows that the RG equations among
the infinite set of operators made of local polynomials in
Gµν := ∂µϕ
a∗
a∗gb∂ν
bϕ (A12)
are closed.
Near two dimensions (d = 2 + ǫ), it is convenient to
use the conformal coordinates,
∂± = ∂x ± i∂y, µ = ±, ν = ±, (A13)
i.e., we use G++, G+−, G−+, and G−− as the building
blocks for the high-gradient operators. It can be shown
that the one-loop RG equations are closed within the
family {
Gp+−G
q
−+
(
G++G−−
)r }p+q+2r=s
p=0,q=0,r=0
(A14)
of high-gradient operators for any given number of gra-
dients 2s, where p, q, and r are any non-negative integer
satisfying p+ q + 2r = s. Furthermore, for any given s,
r, and r′ the family (A14) obeys one-loop RG equations
with an upper triangular structure in the sense that all
high-gradient operators of the form (A14) with r′ > r
do not enter the one-loop RG equations for those high-
gradient operators with r fixed. The task of diagonalizing
the closed one-loop RG equations obeyed by the fam-
ily (A14) thus simplifies greatly. It is indeed sufficient to
fix s and r and to diagonalize the one-loop RG equations
obeyed by the family (A14) labeled by the non-negative
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integers p and q. For any finite order s, diagonalization
of the one-loop RG flows obeyed by the family (A14) of
high-gradient operators yields the one-loop RG eigenval-
ues
α(s)p,q,r = −2Mr+2
(
− pq+ p(p− 1)+ q(q− 1)
)
, (A15a)
here labeled by the non-negative integers q, q, and r that
satisfy
p+ q + 2r = s. (A15b)
Combining Eq. (A15) with the engineering scaling dimen-
sion 2s yields the one-loop scaling dimensions
x(s)p,q,r =2s− tα
(s)
p,q,r
=2s− 2t
(
−Mr − pq + p(p− 1) + q(q − 1)
)
(A16)
for the family (A14) of high-gradient operators. Equa-
tions (A15) and (A16) are the main result of this Ap-
pendix. Observe that this result is independent of the
integer N in CPN+M−1|N . Hence, it applies to the case
N = 0, both in its compact and non-compact incarna-
tions (A2) and (A3), respectively.
We now take a closer look at the spectrum when M =
0. In this case, the projective superspace is Ricci flat, i.e.,
Ra∗b = 0 according to Eq. (A11), and hence the one-loop
beta function of the NLσM coupling constant t vanishes.
(These are71 in fact lines of critical points labeled by the
coupling constant t of the CPN−1|N NLσMs.) We also
distinguish the compact case from the non-compact case
by demanding that t > 0 in the former case and that
t < 0 in the latter case.
The compact case corresponds to t > 0. For any given
order s, we seek the largest and smallest one-loop RG
eigenvalues that govern the RG flow of the high-gradient
operators (A14) in the NLσMs CPN−1|N . Needed are
the extremal values of α
(s)
p,q,r while holding p+ q+2r = s
fixed. We find that the most and least dominant one-loop
scaling dimensions in two dimensions and for a fixed s are
x
(s)
min =2s− 2ts(s− 1),
x(s)max =2s− 2t× 0.
(A17)
We conclude that the spectrum of one-loop anomalous
scaling dimensions (A15) for any “compact” CPN−1|N
NLσM is one-sided in the sense that it is not symmetri-
cally distributed about zero: While x
(s)
min is not bounded
as a function of s, x
(s)
max = 2s irrespective of s. The re-
sult for the most dominant scaling dimension x
(s)
min is the
same as that for the
U(P +Q)/U(P )×U(Q) (A18)
NLσMs with P,Q > 1.9,16 However, the spectrum of one-
loop anomalous scaling dimensions for the NLσMs (A18)
with P,Q > 1 is two-sided: The one-loop anomalous
scaling dimensions are symmetrically distributed about
zero.
The non-compact case corresponds to t < 0. For any
given order s, we seek the largest and smallest one-loop
RG eigenvalues that govern the RG flow of the high-
gradient operators (A14) when M = 0. These follow
from Eq. (A17) with the substitution t→ −t,
x(s)max =2s+ 2|t|s(s− 1),
x
(s)
min =2s+ 2|t| × 0.
(A19)
So, there is no relevant high-gradient operator in this
non-compact case. This is the consequence of the one-
sided property of the spectrum (A15) when M = 0. On
the other hand, in the case of the non-compact
U(P,Q)/U(P ) ×U(Q) (A20)
NLσMs with P,Q > 1, there are always relevant high-
gradient operators. We note that the one-loop scal-
ing dimensions (A17) and (A19) turn into the corre-
sponding scaling dimensions (3.27) and (3.26) for the
ĝl(2N |2N)k=1 WZWmodel, if we identify t with −gM/π.
We now relax the condition for criticality M = 0
of the CPN−1|N NLσM target manifold. It can then
also be shown that the spectra (A15) labeled by s and
M are one-sided. Since this result is, as required, in-
dependent of N , it applies to the CPM−1 NLσMs as
well. In turn, CPM−1 ∼ U(M)/U(1) × U(M − 1) is
obtained from U(P + Q)/U(P ) × U(Q) by specializing
to (P,Q) = (M − 1, 1) or (1,M − 1). The reason why
the spectrum of one-loop anomalous scaling dimensions
in U(P + Q)/U(P ) × U(Q) with P,Q > 1 looks so dif-
ferent from the cases with either P or Q being unity
is the following. The U(P + Q)/U(P ) × U(Q) NLσMs
with P,Q > 1 have a larger set of high-gradient oper-
ators than in the projective (super) spaces. This can
be seen by comparing the set of high-gradient opera-
tors (A14) against their counterparts when the target
manifold is U(P + Q)/U(P ) × U(Q) with P,Q > 1,
which can be found in Eqs. (2.12) and (2.16b) from Ref.
16. High-gradient operators for U(P +Q)/U(P )×U(Q)
NLσMs with P,Q > 1 can be expressed as a product
of traces of matrix fields, while in the complex projec-
tive space, there is no such trace. [Here, note that Z
defined in Eq. (A6a) is a scalar while the correspond-
ing object in U(P + Q)/U(P ) × U(Q) with P,Q > 1 is
a matrix, Eq. (2.9b) from Ref. 16.] Similarly, the set of
high-gradient operators in the ĝlk>1(M |M) WZW theory
(3.12) is larger than the set of high-gradient operators in
the ĝlk=1(M |M) WZW theory.
3. Sketch of the one-loop RG computation
We now outline the calculations leading to the main
results (A15) and (A16).
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We choose the covariant background field method to
renormalize the NLσMs. The merit of the background
field method is that there is no need to worry about the
appearance of redundant operators. This is very conve-
nient when considering the mixing of a large set of oper-
ators under the RG, that cannot be distinguished by the
symmetries of the NLσM. The background field method
consists in resolving the coordinates ϕa = ϕacl + ζ
a of
a NLσM into slow (mean-field) modes ϕacl that satisfy
the classical equations of motion and fast (fluctuating)
modes ζa in terms of which the Taylor expansion of the
action transforms covariantly under reparametrization of
the target manifold, i.e., in terms of which only the met-
ric, the Riemann tensor, the covariant derivative, etc, of
the target manifold appear in the action. For Ka¨hler
manifolds, this is achieved by choosing ζa to be (either
Riemannian or Ka¨hlerian) normal coordinates. The very
same expansion of the action is also applied to the build-
ing blocks (A12) to the high-gradient operators, i.e.,
Gµν =
[
Gµν
]
ζ0
+
[
Gµν
]
ζ1
+ · · · , (A21)
where
[
Gµν
]
ζp
represents a p-th term in this expansion.
To compute the anomalous scaling dimensions of high-
gradient operators, they are first expanded in terms of the
fast mode ζa, and are then pairwise Wick contracted. For
example, the relevant formula for calculating 〈
[
Gµν
]
ζ2
〉
and 〈
[
Gµν
]
ζ1
[
Gρσ
]
ζ1
〉, whereby the angular bracket 〈· · · 〉
denotes pairwise Wick contraction of the fast modes ζa,
can be found in Ref. 16, e.g., Eq. (C.40). When applied
to the CPN+M−1|N NLσM, we obtain
〈
[
Gµν
]
ζ2
〉 = −IMδµ,+νGµν ,〈[
Gµν
]
ζ1
[
Gρσ
]
ζ1
〉
= I
(
δρ,−ν − δρ,−µ − δσ,−ν + δσ,−µ
)
×
(
GµσGρν + GµνGρσ
)
,
(A22)
where I =
∫
ddk/(2π)d(1/k2). After substituting µ =
±, ν = ±, this gives
〈
[
G++
]
ζ2
〉 = −IMG++,
〈
[
G−−
]
ζ2
〉 = −IMG−−,〈[
G++
]
ζ1
[
G++
]
ζ1
〉
=
〈[
G−+
]
ζ1
[
G++
]
ζ1
〉
= 0,〈[
G+−
]
ζ1
[
G+−
]
ζ1
〉
= +4IG+−G+−,〈[
G+−
]
ζ1
[
G−+
]
ζ1
〉
= −2I
(
G++G−− + G+−G−+
)
,〈[
G−+
]
ζ1
[
G+−
]
ζ1
〉
= −2I
(
G−−G++ + G−+G+−
)
,〈[
G−+
]
ζ1
[
G−+
]
ζ1
〉
= +4IG−+G−+.
(A23)
Furthermore, if p, q, and r are non-negative integers, we
find
〈[
Gp+−G
q
−+
]
ζ2
〉
= + p
〈[
G+−
]
ζ2
〉
Gp−1+− G
q
−+
+ q Gp+−
〈[
G−+
]
ζ2
〉
Gq−1−+
+ pq Gp−1+− G
q−1
−+
〈[
G+−
]
ζ1
[
G−+
]
ζ1
〉
+
p(p− 1)
2
Gp−2+− G
q
−+
〈[
G+−
]
ζ1
[
G+−
]
ζ1
〉
+
q(q − 1)
2
Gp+−G
q−2
−+
〈[
G−+
]
ζ1
[
G−+
]
ζ1
〉
= + 2I
[
− pq + p(p− 1) + q(q − 1)
]
Gp+−G
q
−+ − 2Ipq G
p−1
+− G
q−1
−+ G++G−−
(A24)
and
〈
[
Gp+−G
q
−+
(
G++G−−
)r]
ζ2
〉 = + r〈 Gp+−G
q
−+G
r−1
++
[
G++
]
ζ2
Gr−− 〉
+ r〈 Gp+−G
q
−+G
r
++G
r−1
−−
[
G−−
]
ζ2
〉
+ 〈
[
Gp+−G
q
−+
]
ζ2
(
G++G−−
)r
〉
= − 2IMr Gp+−G
q
−+
(
G++G−−
)r
− 2I
[
pq − p(p− 1)− q(q − 1)
]
Gp+−G
q
−+
(
G++G−−
)r
− 2Ipq Gp−1+− G
q−1
−+
(
G++G−−
)r+1
.
(A25)
Equation (A25) justifies the claim that the family (A14) of high-gradient operators is closed under one-loop RG
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and yields Eqs. (A15) and (A16).
Appendix B: Relationship between the ĝl(2N |2N)k=1
Thirring model and Anderson localization with
“sublattice” symmetry – a review
The ĝl(2N |2N)k=1 Thirring model represents the
physics of observables in a class of problems of Ander-
son localization in symmetry classes BDI (see Ref. 33)
and CII (see Ref. 41) within the classification scheme
of Refs. 35–38. The fundamental physical observables
are disorder averages of (products) of Green’s functions.
Here, we review some basic steps of this connection for
the example of symmetry class BDI, whose simplest rep-
resentative is a two-dimensional random tight-binding
model for fermions on a bipartite lattice. A popular tight-
binding model of that kind has recently become that on
a honeycomb lattice, due to its relevance for the physics
of graphene. (Another, lattice realization of the same
continuum physics was obtained earlier in Refs. 39 and
56.)
1. Definitions
To be specific, consider the low-energy properties of the
tight-binding model on the two-dimensional honeycomb
lattice. Only sites on the different sublattices are con-
nected by hopping, and the hopping matrix elements are
independent real random numbers with non-vanishing
mean. Because of the constraint that only sites on differ-
ent sublattices are connected, the model inherits a spe-
cial symmetry called sublattice (or chiral) symmetry. It
turns out to imply the presence of an operator that anti-
commutes with the Hamiltonian, which thus relates the
spectrum at positive and negative energies, and makes
the zero of energy, E = 0 (often called the “band cen-
ter”), special. Taking the low-energy limit near zero en-
ergy one obtains a random Dirac equation. (See, e.g.,
Ref. 34 for details.) We now start from the continuum
limit of the so-obtained Hamiltonian, which reads
H = H0 + V(r), (B1a)
where the kinetic energy is (we set ~ and the Fermi ve-
locity vF to be one)
H0 = −
2∑
µ=1
i(σµ ⊗ τ1)∂µ, (B1b)
and the static disorder is
V(r) =
2∑
µ=1
(σµ ⊗ τ2)Aµ(r)− (σ0 ⊗ τ2)V (r)
+ (σ3 ⊗ τ1)M(r).
(B1c)
Here, σ1,2,3 and τ1,2,3 are two independent sets of Pauli
matrices together with another two independent 2 × 2
identity matrix σ0 ≡ I2 and τ0 ≡ I2. The 2 × 2 ma-
trix space associated with the τ Pauli matrices origi-
nates from the bipartite symmetry of the underlying lat-
tice model. The real-valued functions (potentials) Aµ(r),
V (r), and M(r), which do not vary appreciably on the
scale of the lattice spacing, represent four independent
sources of (static) randomness.
The above potentials are random variables. We will
assume first that they are white-noise distributed accord-
ing to a Gaussian probability distribution with vanishing
mean,
Aµ(r)Aν(r
′) = gAδµνδ
(2)(r − r′), µ, ν = 1, 2,
V (r)V (r′) =M(r)M(r′) = gMδ
(2)(r − r′),
(B2)
where δ(2)(r − r′) is the two-dimensional delta function,
· · · represents disorder averaging, and we assume that the
variances of V (r) and M(r) are identical. Of course, the
disorder strengths gA and gM are positive.
The tight-binding Hamiltonian is invariant under time-
reversal and so is its continuum limit
T (H)∗ T = H, T := σ1 ⊗ τ3 . (B3)
Since the tight-binding Hamiltonian preserves the bipar-
tite nature of the underlying lattice for any realization
of the disorder, so does its continuum limit through the
chiral symmetry
C HC = −H, C := σ0 ⊗ τ3 . (B4)
As already mentioned, because of its chiral and time
reversal symmetries the Hamiltonian belongs to the
so-called BDI symmetry class within the classification
scheme of Refs. 35–38.
2. Path integral representation of the
single-particle Green’s function
In problems of Anderson localization, physical quanti-
ties are expressed by disorder averages of (products of)
the retarded and advanced Green’s functions
GˆR/A(E) := (E ± iη −H)−1. (B5)
In the present model, the retarded and advanced Green’s
functions are related, at the band center E = 0, by the
chiral symmetry through
C GˆR(E = 0) C = −GˆA(E = 0). (B6)
Hence, any arbitrary product of retarded or advanced
Green’s function at the band center equates, up to a sign,
a product of retarded Green’s functions at the band cen-
ter. From now on we will omit the energy argument of
the Green’s function having in mind that it is always
fixed to the band center E = 0.
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Since the two kinds of Green’s functions are related by
the chiral symmetry, it suffices to introduce functional
integrals for the retarded Green’s function defined by the
supersymmetric partition function Z ≡ ZF × ZB with
1
ZF :=
∫
D[χ¯, χ] exp
(
i
∫
r
χ¯ (iη −H)χ
)
,
ZB :=
∫
D[ξ¯, ξ] exp
(
i
∫
r
ξ¯ (iη −H) ξ
)
.
(B7)
Here,
∫
r
=
∫
d2r =
∫
dz¯dz/(2i), (χ¯, χ) is a pair of two in-
dependent four-component fermionic fields, and (ξ¯, ξ) is a
pair of four-component bosonic fields related by complex
conjugation.
The matrix elements of the retarded Green’s function
can be represented as
iGˆR(r, r′) =〈χ(r)χ¯(r′)〉
=〈ξ(r)ξ¯(r′)〉
(B8)
with 〈· · · 〉 denoting the expectation value taken with the
partition function Z. With the help of the property T =
T T of time-reversal and the property in Eq. (B3),∫
r
χ¯(iη −H)χ = −
∫
r
χTT (iη −H) T χ¯T,∫
r
ξ¯(iη −H)ξ = +
∫
r
ξTT (iη −H) T ξ¯T,
(B9)
Eq. (B8) is also given by
iGˆR(r, r′) =− 〈(T χ¯T)(r)(χTT )(r′)〉
=+ 〈(T ξ¯T)(r)(ξTT )(r′)〉.
(B10)
We now perform the change of integration variables
χ¯, χ → ψ†, ψ and ξ¯, ξ → β†, β where, when the matrix
space on which the τ Pauli matrices acts is made explicit,
χ¯→
√
1
2π
(
ψ1†σx,−iψ2σx
)
, χ→
√
1
2π
(
+iψ2†
ψ1
)
,
ξ¯ →
√
1
2π
(
β1†σx,−iβ2σx
)
, ξ →
√
1
2π
(
−iβ2†
β1
)
.
(B11)
We also define
A¯ := Ax + iAy, A := Ax − iAy,
m¯ := V − iM, m := V + iM,
(B12)
With these changes of variables, the partition function at
E = 0 can be written as
ZF =
∫
D[ψ†, ψ] e−S
F−SFiη ,
ZB =
∫
D[β†, β] e−S
B−SBiη ,
(B13a)
with the effective action for the fermionic part given by
SF =
∫
r
1
2π
2∑
a=1
[
ψa†(2∂¯ + A¯)ψa + ψ¯
a†(2∂ + A)ψ¯a
+m¯ψa†ψ¯a +mψ¯
a†ψa
]
, (B13b)
SFiη =
∫
r
iη
2π
(
ψ1†ψ¯2† + ψ¯1†ψ2† − ψ2ψ¯1 − ψ¯2ψ1
)
,
and the bosonic part of the effective action given by
SB =
(
ψ, ψ¯ → β, β¯, ψ†, ψ¯† → β†, β¯† in SF
)
,
(B13c)
SBiη =
∫
r
iη
2π
(
−β1†β¯2† − β¯1†β2† − β2β¯1 − β¯2β1
)
.
Observe the non-Hermitian appearance and asymmetry
between fermions and bosons in S
F/B
iη , which are neces-
sary to maintain supersymmetry.33,56
The time-reversal invariance (B9) and (B10) in terms
of the new basis implies invariance under72
ψ2 → ψ1, ψ1 → −ψ2,
β2 → −iβ1, β1 → +iβ2.
(B14)
The finite level-broadening term S
F/B
iη is necessary for
the computation of certain physical observables, includ-
ing for example the Kubo conductivity, the Einstein con-
ductivity, and the local density of states.73 However,
when we compute the conductance from the Landauer
formula by attaching ideal leads to the disordered region
described by the Hamiltonian (B1a), we can set η = 0
in the disordered region (while still keeping η 6= 0 in the
leads).69
The last step consists in averaging the partition func-
tion Z = ZF × ZB over the probability distribution for
the white-noise and Gaussian distributed random poten-
tials. In this way, one finds a generating function for the
averages of Green’s functions which is nothing but the
ĝl(2|2)k=1 Thirring model. Specially, integration over the
vector potential yields the term proportional to
ψA†ψA × ψ¯
B†ψ¯B =(−)
AψAψ
A† × (−)Bψ¯Bψ¯
B†, (B15a)
while integration over the complex-valued mass yields the
term proportional to
ψB†ψ¯B × ψ¯
A†ψA =(−)
AψAψ
B† ψ¯Bψ¯
A†, (B15b)
where we have combined bosonic βa, β¯a and fermionic
ψa, ψ¯a (a = 1, 2) spinors into the supersymmetric vector
ψA, ψ¯A (A = 1, · · · , 4) as in Sec. III. The N -th moment
of the retarded Green’s function evaluated at the band
center is obtained by allowing the index a to run from
1 to 2N in Eq. (B13) or, equivalently, by allowing the
indices A and B to run from 1 to 2N +2N in Eq. (B15),
thereby obtaining the ĝl(2N |2N)k=1 Thirring model.
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We have assumed so far that the random imaginary
vector potential A, A¯ and the complex random mass m¯,m
possess a Gaussian probability distribution. If we assume
instead that their distributions have non-vanishing higher
cumulants (but still assuming that they have no spatial
correlations), the quenched disorder averaging necessar-
ily yields high-gradient operators of the form (3.22).
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